A REFINEMENT OF STEIN FACTORIZATION AND 
DEFORMATIONS OF SURJECTIVE MORPHISMS 



STEFAN KEBEKUS AND THOMAS PETERNELL 

Abstract. This paper is concerned with a refinement of the Stein factoriza- 
tion, and with applications to the study of deformations of morphisms. We 
show that every surjective morphism f : X ^ Y between normal projective 
varieties factors canonically via a finite cover of Y that is etale in codimension 
one. This "maximally etale factorization" satisfies a strong functorial property. 

It turns out that the maximally etale factorization is stable under deforma- 
tions, and naturally decomposes an etale cover of the Hom-scheme into a torus 
and into deformations that are relative with respect to the rationally connected 
quotient of the target Y. In particular, we show that all deformations of / 
respect the rationally connected quotient of Y. 
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1. INTRODUCTION AND STATEMENT OF RESULTS 

Throughout this paper, we consider surjective morphisms between algebraic va- 
rieties and their deformations. To fix notation, we use the following assumption. 

Assumption 1.1. / : X — > F will always denote a surjective holomorphic map 
between normal complex-projective varieties. 

The main method that we introduce is a refinement of the Stein factorization: we 
show that / factors canonically via a finite cover of Y that is etale in codimension 
one. This "maximally etale factorization" satisfies a strong functorial property 
which is defined in Section ll.Al below and turns out to be stable under deformations 
of/. 
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We employ the maximally etale factorization for a study of the deformation space 
Hom(X, Y) and show that an etale cover of the Horn-scheme naturally decomposes 
into a torus and into deformations that are relative with respect to the maximally 
rationally connected fibration of the target Y. In particular, we show that all 
deformations of / respect the rationally connected quotient of Y. 

These result are summarized and properly formulated below. 

l.A. The maximally etale factorization. Under the Assumptions IlTI suppose 
that there exists a factorization /, 



/ 



(1.1.1) 



X 



Z- 



13 



Y 



where /3 is finite and etale in codimension 1, i.e. etale outside a set of codimension 
> 2. 



Deflnition 1.2. We say that a factorization f = (3 o a as in (jl.l.lll is maximally 
etale if the following universal property holds: for any factorization f = [3' o a' , 
where f3' : Z' ^ Y is finite and etale in codimension 1, there exists a morphism 
J : Z ^ Z' such that such that the following diagram commutes: 

f 




Remark 1.3. It follows immediately from the definition that a maximally etale 
factorization of a given morphism / is unique up to isomorphism if it exists. The- 
orem ^j] describes the uniqueness in more detail. 

The existence of the maximally etale factorization is estabHshed by the following 
theorem, which we prove in Sectional 

Theorem 1.4. Let f : X Y be a surjective morphism between normal projective 
varieties. Then there exists a maximally etale factorization. 

We will later in Section U describe the maximally etale factorization in terms of 
the positivity of the push-forward sheaf /,(C'x)- 

Remark 1.5. We have already remarked that the maximally etale factorization 
yields a natural refinement of the Stein factorization. More precisely, we can say 
that a surjection f : X Y of normal projective varieties decomposes as follows. 



/ 



X — 



conn, fibers 



w 



finite 



max. etale 



l.B. Stability of the factorization under deformations. Let / = a o /3, as in 
Diagram Ijl.l.lll denote the Stein factorization. If f : X ^ Y is any deformation 
of /, it is a classical fact that /' again factors via f3 — see Section r2.AI for brief 
review. We will show that a similar, and somewhat stronger, property also holds 
for the maximally etale factorization. To formulate this stability result precisely, 
we introduce the following notation. 
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Notation 1.6. If g : A B is any morphism between projective varieties, let 
Honig(yl, B) C llom{A,B) be the connected component that contains g. 

The stabiUty result is then formulated as follows. 

Theorem 1.7. In the setup of Theorem \1.4[ let f — f3 o a be the maximally etale 
factorization as in Diagram HI. 1. Ill . Then the natural morphism between the reduced 
Horn-spaces, 

ri : RouiaiX, Z)rcd Hom/(X, F)rcd 

a' i-^ [3 o a' 

is proper and surjective. The induced morphism fj between the normalizations is 
etale. If f € Hom/(X, F) is any deformation of f, then f factors via Z, and has 
Z as maximally etale factorization. 

We prove Theorem 1 1.71 in Sectional 

I.e. Decomposition of the Horn-scheme. We recall the main result of |HKP05], 
where deformations of morphisms with non-uniruled targets were studied. Using 
the language of Section FLAL this is formulated as follows. 

Theorem 1.8 f |HKPf)5l thm. 1.2]). Under the Assumntions M.li suppose that Y 
is not covered by rational curves. If 

f 



denotes the maximally etale factorization, and i/Aut (Z) is the maximal connected 
subgroup of the automorphism group of Z, then Aut'^(Z) is an Abelian variety, and 
the natural morphism 

Aut° (Z)/Aut {Z/ Y) n Aut° (Z) ^ Horn/ {X, Y) 

is an isomorphism of schemes. 

In particular, all deformations of surjective morphisms X ^ Y are unobstructed, 
and the associated components of Jioinf{X,Y) are smooth Abelian varieties. □ 

At the other extreme, if Y is rationally connected, partial descriptions of the 
Horn-scheme are known — the results of jEMO.^L thm. 1] and |HMn4[ thm. 3] assert 
that whenever F is a Fano manifolds of Picard-number 1 whose variety of minimal 
rational tangents is finite, or not linear, then all deformations of / come from 
automorphisms of Y. This covers all examples of Fano manifolds of Picard-number 
one that one encounters in practice. 

If Y is covered by rational curves, but not rationally connected, we consider the 
maximally rationally connected fibration : y Qy which is explained in more 
detail in Section [2.61 Using the maximally etale factorization, we will show that 
an etale cover of Hom/(X, Y), the normalization of the space Hom/(X, Y), can be 
decomposed into a torus and a space of deformations that are relative with respect 
qy- We recall the notion of a relative deformation first. 

Notation 1.9. We call the subvariety 

Hi^, := {/' e Hom/(X, r)rcd | QY o f ^ qy o /} 

the "space of relative deformations of / over qy". 
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The following theorem will then be shown in Section [3 
Theorem 1.10. Under the Assumvtion \l.l[ let 

f 

he the maximally etale factorization, and T C Aut"(Z) a maximal compact Abelian 
subgroup. Then the following holds: 

(1.10.1) There exists a normal variety H and an etale morphism 

that maps {e} x H to the preimage of hI^^^. 

(1.10.2) IfY is smooth or if f is itself maximally etale, then {e} x H surjects 
onto the preimage of ^/^vcrt ■ 

In the setup of Theorem ll.lOL it need not be true that Aut°(Z) is itself an Abelian 
variety. The existence of a maximal compact AbeHan subgroup T C Aut°(Z) is 
briefly discussed in Fact 16. II on page 1151 below. 

Remark 1.11. The assertion of Theorem ll.lfll is weaker than Theorem 11.81 in 
the sense that it does not make any statement about the scheme-structure of 
Horn/ (A", y). The reason is that the maximal rationally connected fibration qy 
need not be a morphism, and that there is no good deformation space for rational 
maps between flxed varieties. Theorem 11.101 can certainly be straightened if one 
assumes additionally that qy is regular. 

1. D. Acknowledgments. The authors would like to thank Ivo Radloff and Eck- 
hard Viehweg for a number of discussions. It was in these discussion that the notion 
of "maximally etale" evolved. 

2. Known Facts 

The proofs of our main results rely on a number of facts scattered throughout 
the literature. For the reader's convenience, we have gathered these here. 

2. A. Stability of Stein factorization under deformation. Consider the Stein 
factorization of /, 

/ 

(2.0.1) X - » Y . 

g: conn, fibers h: finite 

We will later need to know that any deformation of / still has g : X ^ Wo as 
Stein factorization. While this is probably well-understood, we were unable to flnd 
a good reference for the universal properties of Stein factorization, and include a 
full proof. 

Proposition 2.1 (Stability of Stein factorization under deformation). The canon- 
ical composition morphism 

v: Horn,, ( Wo, r) ^ Hom/(X,r) 
h' h' o g 

is bijective. In particular, the morphism between the normalized Horn-schemes is 
isomorphic. 
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The proof of Proposition 12.11 which we give below, makes use of the following 
two lemmas, which assert that a deformation of a morphism with connected fibers 
does not change the fibers, and that a surjective morphism between normal spaces 
is determined up to isomorphism by its set-theoretical fibers. 

Lemma 2.2 (Invariance of fibers under deformation). Let T he a smooth curve and 
{ft)teT : X ^ Y he a family of surjective morphisms hetween projective varieties. 
Assume that for all t ^ T, the map ft has connected fihers. Then the set-theoretical 
fibers of ft are independent oft. More precisely, for all x & X and all s,t ^T, we 
have 

ft-'ft{x)=^f-'f six). 

Proof. Choose an ample line bundle L G Pic(X). Observe that two points x,y G X 
are contained in the same /t-fiber if and only if there exists a curve C C X that 
contains both x and y, and satisfies ci(//'(L)).C — 0. Likewise, x and y are 
in the same /s-fiber if and only if there is a curve C C X with x,y & C and 
ci(/*(L)).C = 0. 

On the other hand, since ft and fs are homotopic, the Chern classes of the 
pull-back bundles agree, 

ci(/;(i)) = ci(/;(L)). 

This shows the claim. □ 

Lemma 2.3. Let fi : X ^ W\ and f2 ' X ^ W2 he two surjective morphisms 
hetween normal spaces. Lf for all x ^ X the set-theoretical fihers of fi and /2 agree, 
i.e. if fi^{fi{x)) = f2^{f2{x)) , then there exists a commutative diagram as follows. 




(p: isomorphic 



Proof. The morphisms /i, /2 give rise to a morphism from l : X ^ Wi x W2, 
l{x) = {fi{x), f2{x)), and we obtain a commutative diagram as follows. 




The assumptions that the fibers of /i and /2 agree implies that the restrictions 
Pi\i,{x) of the morphisms pi and p2 to the image l{X) are bijective. Since we are 
working over C, Zariski's main theorem then impHes that the restrictions Pi\i(x) 
and P2\l{x) are even isomorphic. We can therefore view l{X) as the graph of an 
invertible morphism 4> ■= P2L(x) ° (Pi|i,(x))~^) which yields the claim. □ 

Proof of Provosition \2.1[ The injectivity of f is obvious because g is surjective. 
Since Rom f{X,Y) is connected, to prove surjectivity, it suffices to show that any 
morphism ■^f : T ^ Hom/(X, F) from a smooth irreducible curve T can be lifted 
to a curve ■ T ^ Hom/i(Wo, Y) such that jf = v o ji^. 
To this end, let 

F : X xT Y xT 

ix,t) ^ {ft{x),t) 
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be the proper product morphism of the universal map and the identity, and consider 
the Stein factorization 



(2.3.1) X X T ^ W ^ Y xT . 

G: conn, fibers H: finite 

Lemma [T2l on the invariance of fibers implies that the morphisms g x Idx : X xT 
Wo X T and G have the same fibers. Lemma, then asserts that there exists an 
isomorphism (p such that the factorization II2.3.1|1 extends to a commutative diagram 
as follows. 

F 



(2.3.2) XxT- rr YxT^^Y 

G: conn, fibers H: finite 



We use Diagram Il2. 3.211 to define the morphism '■ T ^ Hom/i(Woj Y) by 

lh{t) : Wo ^ Y 

w 1-^ pY{H{(j)(w,i))) 

It follows then from the commutativity of Diagram (12. 3. 211 that 7/ = ly o jf^. This 
proves Proposition 12. II □ 

2.B. The rational quotient. Recall from 'Kol96, chap. IV] or |Debf)l[ sec. 4] that 
an irreducible projective variety X is rationally connected if any two sufficiently 
general points can be joined by a single rational curve. Moreover X is rationally 
chain connected if two general points can be joined by a connected chain of rational 
curves. 

Remark 2.4. If X is smooth, then X is rationally connected if and only if X is 
rationally chain connected p?ol96] . If X is singular, this need no longer be true. 
For instance, if X is the cone over an elliptic curve, then X is of course rationally 
chain connected, but not rationally connected. 

One of the most important features of uniruled varieties is the existence of a 
rationally connected quotient, introduced by Campana and Kollar-Miyaoka-Mori. 

Definition 2.5. Let V be a normal variety and ry '■ V Ry a dominant ra- 
tional map to a normal variety. The map ry is called a maximal rationally chain 
connected fibration, if for all very general points v G V , the closure of the fiber 
through v, 

R{v) := ry\rviv)), 
is the largest rationally chain connected subvariety ofV that contains v. 

The existence of a maximal rationally chain connected fibration is established 
by Campana (even in the Kahler case) and Kollar-Miyaoka-Mori, see |Kol96| and 
|Debfllj . Campana uses the notation "rational quotient". 

Fact 2.6. Let be a normal projective variety. Then there exists a maximal 
rationally chain connected fibration ry : V Ry, with the additional property 
that the quotient map ry is almost holomorphic, i.e. there exists a dense open 
subset V'^ C V such that the restriction ry\yo is a proper morphism. 
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Notice that Kollar-Miyaoka-Mori jKol96| and Debarre |Dehni| already put the 
property to be almost holomorphic into the definition of a maximal rationally chain 
connected fibration. We include this into the next notion. 

We will need to consider a different variant of a rational quotient coming from 
the fact that for singular varieties rational connectedness and rational chain con- 
nectedness do not coincide. 

Definition 2.7. Let V he a normal variety and qv ■ V --^ Qv a dominant rational 
map to a normal variety. The map qv is called a maximal rationally connected 
fibration, if for all very general points v ^ V , the closure of the fiber through v, 

Riv) := qy\qv{v)), 

is the largest rationally connected subvariety ofV that contains v. 

Proposition 2.8. If V is a normal projective variety, then there exists a maximal 
rationally connected fibration qv ■ V Qv ■ 

Proof. Let rj : V ^ V he a desingularization, and ry : V Ry a maximal 
rationally chain connected fibration. Then set Qv — Ry ^ind qv ■= ry o rj^^ . □ 

Notice that there is a factorization Qv Rv- Of course both fibration are 
unique up to birational equivalence, so that we speak of "the" maximal rationally 
(chain) connected fibration. 

Remark 2.9. If V is singular, a maximal rationally connected fibration of V is not 
necessarily the maximal rationally chain fibration. E.g., if X is the cone over an 
elliptic curve, then the maximal rationally connected fibration maps to the elliptic 
curve, whereas the maximal rationally chain connected fibration maps to a point. 
Further ,the maximal rationally connected fibration cannot not necessarily be taken 
to be almost holomorphic. 

It is a crucial fact shown by Graber, Harris and Starr that the base of a maximal 
rationally chain connected fibration, hence also of a maximal rationally connected 
fibration is itself not uniruled. 

Fact 2.10 ( tQHSflSi cor. 1.4]). H qv ■ V ---> Qv is a maximal rationally (chain) 
connected fibration, then Qv is not uniruled. 

The maximal rationally (chain) connected fibration described in the literature is 
determined only up to birational equivalence. It is, however, easy to see that there 
is a canonical choice. 

Proposition 2.11. Let V be a normal projective variety. Then there exists a 
canonical maximal rationally (chain) connected fibration qv '■ V ---> Qv, with the 
following property: the automorphism group Aut(F) stabilizes the indeterminacy 
locus of qv , and has a natural action on Qv such that qv is equivariant wherever 
it is defined. 

Proof. Let q : V Q be any maximal rationally (chain) fibration. The universal 
property of the cycle space than yields a rational map as follows: 

q'y : V --^ Chow(y) 
V I— > R{v). 

This construction has two important features. For one, observe that the mor- 
phism q'y is independent of the particular choice of the rationally connected quotient 
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q. Secondly, if x g 1/ is a very general point, and g £ Aut(F) is any automorphism, 
then g(R(x)) is again rationally (chain) connected. In particular, we have that 
g{R{x))) = R{g{x)). This already shows that the natural action of Aut(F) on 
Chow(l/) stabilizes the image of q'y and makes q'y equivariant. The proof is thus 
finished if we let Qv be the normalization of the closure of the image of q'y, and 
qv ■ V Qv be the lifting that comes from the universal property of the normal- 
ization. □ 

Notation 2.12. For the rest of this paper, if we discuss "the" maximal rationally 
(chain) connected fibration of a variety, we always mean the canonic construction 
given in Proposition 12. Ill 

We will later need to consider subsheaves of the tangent sheaf Tv that are relative 
over the rationally connected quotient wherever this is well-defined. 

Definition 2.13. Let V be a normal projective variety, and let qv ■ V --^ Qv be 
the rationally connected quotient. Further, suppose that C is a normal variety and 
L : C —> V a morphism whose image is not contained in the singular locus of V , 
and not contained in the indeterminacy locus of qv- If T <Z i*{Ty) is a reflexive 
subsheaf of the pull-back of the tangent sheaf, we say that T is vertical with respect 
to the rationally connected quotient, if T is contained in i*{^v\Q^) at the general 
point of C . 

Likewise, a morphism of reflexive sheaves T l*{Tv) is vertical with respect to 
the rationally connected quotient if the double dual of its image is. An infinitesimal 
deformation of l, i.e. an element a £ llom{L*{ily),Oc), is vertical if the restriction 
of a to general points of C corresponds to a section in i*{Ty\Q^,). 

2.C. General curves in projective varieties. We will later need to consider the 
Harder-Narasimhan filtration of the tangent sheaf Tx- By Mehta-Ramanathan's 
theorem, it suffices to discuss the filtration of the restriction to a general complete 
intersection curve, whose definition we recall now. 

Definition 2.14. If X is normal, we consider general complete intersection curves 
in the sense of Mehta-Ramanathan, C C X. These are reduced, irreducible curves 
of the form C = i/i fl ■ • • fl i?dimX-i, where the Hi e \mi- H\ are general, the Li G 
Pic(X) are ample and the to^ G N large enough, so that the Harder- Narasimhan- 
Filtration of Tx commutes with restriction to C. If the Li are chosen, we also call 
C a general complete intersection curve with respect to (ii, . . . , LdimX-i)- 

We refer to |Fle84| and [Lan04J for a discussion and an explicit bound for the 
rrii that appear in Definition 12. 141 

If X is a normal variety, qx '■ X Qx the maximal rationally connected fibra- 
tion and C C X a general complete intersection curve, then C intersects neither 
the singular locus oi X, nor the indeterminacy locus of qx- It makes therefore sense 
ask if a subsheaf Tc C Tx\c is vertical with respect to the rationally connected 
quotient. The following important criterion is a refinement of Miyaoka's character- 
ization of uniruled varieties. It appeared first implicitly in |Kol92l 9.0.3], but see 
|KSTn5[ rem. 4.8]. 

Fact 2.15 f |KST05[ cor. 1.4]). Let X be a normal projective variety with maximal 
rationally connected fibration qx ■ X Qx- If C C X is a general complete 
intersection curve and J^c C Tx\C a locally free and ample subsheaf, then J^c C 

Tx/qJC. □ 
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2. D. Finite morphisms. Let f : X Y he a surjective, finite morphism between 
normal varieties. The push-forward of the structure sheaf ft:{Ox) is then a torsion 
free sheaf on X, which is locally free where / is flat, i.e. away from the singularities 
of X and Y . Much of our argumentation is based on an analysis of the positivity 
properties of /,(C'x)- 

Notation 2.16. Let J^lTsmg and ising denote the singular loci, and set 

X°=X\(XsingUrl(rsing)) 

i^" = i^\(rsi„gU/(Xsing)) = /(X°). 

Then codimX \X^ = codimF \ y° > 2. 

Fact 2.17. The trace morphism tr : f*{Oxo) Oyo gives rise to a splitting 

where £J is a locally free sheaf on Let be the dual^ '^^ ■ '-' 

The following result on the positivity of £f appeared only recently. We have 
however learned from E. Viehweg that it is implicitly contained in much older 
works of Fujita. 

Fact 2.18 f |PSnn[ Thm. A of the appendix by Lazarsfeld]). Let C C 1"° be a 
complete curve that is not contained in the branch locus of /. Then £f\c is a nef 
vector bundle on C. It has degree if and only if / is unbranched along C. □ 

Corollary 2.19. IfCcYisa general complete intersection curve, then f*{Ox)\c 
is of degree if and only if f is etale in codimension 1. □ 

As a consequence of the projection formula, f^,f*{T) = f^,{Ox) ® we obtain 
that if J- is any coherent sheaf on F, then there is a natural direct sum decompo- 
sition 

(2.19.1) H^{X"J*{T)) 9i H"{Y",J-) ®llomYo{£f,T\Yo) 

Notation 2.20. In the setup of this section, if ct £ H°{X, /*(J^)), let cr = ct^. + a'j 
be the decomposition that is associated with the splitting II2.19.1|I . 

3. Existence of a max. etale factorization. Proof of Theorem 11.41 

We will in this section prove the existence of a maximally etale factorization 
for surjective morphisms between normal projective varieties. Since the proof is 
somewhat long, we subdivide it into a number of steps. We maintain the notation 
and the assumptions of Theorem II .41 throughout. 

The strategy of proof follows HKP05J : we construct the factorization using a 
suitable subsheaf of /, (Ox)- 

3. A. Reduction to the case of a finite morphism. Using the Stein factoriza- 
tion of the morphism /, we can assume without loss of generality that / is actually 
finite. 



The use of the 'dual' follows historical conventions. We use it to be consistent with the 
literature we cite. 
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3.B. The Harder-Narasimhan-Filtration. Choose an ample line bundle H e 
Pic(F), and consider the associated Harder-Narasimhan-Filtration of ft.{Ox), 

(3.0.1) = J-Q C .Fi c • • • C Tr-i ^Tr = MOx) 

Lemma 3.1. The degree of Ti with respect to H is zero, 

degHiT,) := ci(.Fi) • ci(i?)'i""^-i = 0. 

If Q ^ f*{Ox) is any coherent subsheaf with deg^(fj) — 0, then Q C Ti. 

Proof. Consider the splitting f^{Ox) = Oy ® £*■ Since a general complete inter- 
section curve C C F is not contained in the branch locus of /, Lazarsfeld's result, 
Fact 12 .181 asserts that £*\c is an anti-nef vector bundle. This in turn impHes that 
no subsheaf of f*(Ox) has positive degree. Since Oy C f*{Ox) is a subsheaf of 
deg^(Oy) = 0, either f*{Ox) is i?-semistable and deg^ f^,{Ox) = 0, or the degree 
of the maximally destabilizing subsheaf JFi is zero. The first statement thus follows. 

The second statement is void if /*(C'x) is semistable (so that Ti = /*(C'jf )). We 
can thus assume that f^.{Ox) is not semistable, and that we are given a coherent 
subsheaf Q C f*{Ox) with deg^(^?) = 0. Consider the image of Ti and Q under 
the addition map, 

+ -Ti®g ^ f,{Ox)- 

The image sheaf again has non-negative degree and must therefore be contained in 
the maximally destabilizing subsheaf Ti . This proves that Q C Ti. □ 

Lemma 3.2. The Oy-algebra structure on f*{Ox) induces on J-\ the structure of 
a sheaf of Oy-subalgebras. 

Proof. Since Ti is a sheaf of Oy-modules which contains Oy , it solely remains to 
verify that JFi is closed under the multiplication map 

m:f,{0x)<E)f40x)^f.{0x). 
In other words, we need to check that the associated map 

m' : Ti (g) Ti ^ !*{Ox)l j:^ 

is constantly zero. Again, if T\ = /*(C'y), there is nothing to show. Otherwise, 
observe that J^i (8) J^i is semistable with slope ^J-{J-l (g) Ti) = so that f*{Ox) j j:^ 
contains a subsheaf Q with degj:^ = 0. By Lemma l^lll this subsheaf must vanish, 
hence m' = 0. □ 

3.C. Construction of the factorization, end of proof. Since T\ is a co- 
herent sheaf of Oy -algebras, the morphism / now automatically factorizes via 
Z := Specan(jFi). 

/ 

(3.2.1) X^=^^7^^Y 

Since /? is proper and affine, it is clear that it must be finite. We will now show 
that Z is normal, that /3 is etale in codimension 1, and that it is indeed maximally 
etale. 

Lemma 3.3. The intermediate variety Z is normal. 
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Proof. Let rj : Z ^ Z he the normalization morphism. The universal property of 
normalization then yields a further factorization 

/ 



a 'I p 

Accordingly, we obtain a sequences of subsheaves of Oy-algebras, 

^1 = fMOz) c {(3 o f]UOz) c MOx). 
Since rj is isomorphic away from a proper subset, the quotient Q 
{P o 1])*{0^) ^ either vanishes, or is a torsion sheaf. But since Ti is satu- 
rated in f^:{Ox), the quotient Q cannot be non-zero torsion. This shows that 
{f3 o rj)40z) J^i and therefore Z = Z. □ 

Lemma 3.4. The morphism (3 is etale in codimension 1. 

Proof. By Corollary 12.191 to prove the assertion, it is equivalent to show 
<leg{l3.{Oz)\c) = 0. Since P^Oz) = Ti, and since Aeg{(3^{0 z)\c) = degifiTi), 
this follows from the first statement of Lemma [3. II □ 

Lemma 3.5. The factorization Ij3.2.1|l is maximally etale. 

Proof. Let / = /3' o a' be any factorization via an intermediate variety Z' which 
is etale in codimension 1 over Y. The push-forward Q :— (3l{Oz') C is 
then a subsheaf of Oy -algebras. If C C F is a general complete intersection curve 
associated with the polarization H, then Q is locally free along C, and Fact 12.181 
asserts that Aeg{Q\c) — 0. In other words, we have that deg^(C/) = 0, and the 
second statement of Lemma ITTl imnlies that Q <Z Ti = (3^,(0 z)- □ 

This ends the proof of Theorem II. 41 □ 

Remark 3.6. If X and Y are smooth, the maximally etale factorization 

/ 

(3.6.1) x=^=^^z^=^y. 

can more easily be constructed as follows: The subgroup /*(7ri(X)) C tti{Y) has 
finite index, and therefore determines a finite etale cover g -.Y ~^ Y such that / fac- 
tors via g. As the map Tri{X) t^i{Y) must necessarily be onto, the factorization 
via g is maximal. 

4. CHARACTERIZATION OF THE MAXIMALLY ETALE FACTORIZATION 

We will later need to characterize the maximally etale factorization among all 
factorizations in terms of positivity properties of the push-forward sheaf /^^(O^). 
The construction of the maximally etale factorization in the previous section almost 
immediately yields the following. 

Theorem 4.1. Let f : X ~^ Y be a surjection between normal projective varieties 
with maximally etale factorization 

f 

(4.1.1) 
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Let H G Pic(F) he an arbitrary polarization and C <Z Y an associated general 
complete intersection curve. Then 

(4.1.1) the push-forward (3i,{Oz) is the maximally destabilizing subsheaf of 
f*(C>x) with respect to the polarization H, and Z — Specan(/3* (O^)), 
and 

(4.1.2) if we set Q :~ j f3^(^Oz)' then Q^|c is an ample vector bundle 
on C . 

Proof. Statement (4.1.1) is a direct corollary to the proof of Theorem ll .41 In fact, in 
Sectional we have chosen one particular polarization H € Pic(y), and constructed 
Z as the Specan of the maximally destabilizing subsheaf Ti C /^(C'jf ). While Ti 
could a priori depend on the choice of H, the universal property of the maximally 
etale factorization shows that it actually does not: if (3' : Z' ^ Y is another maxi- 
mally etale factorization, constructed with respect to another polarization H' , the 
universal property of Z yields the inclusion Pi{Oz') C /3*(Oz) = J^i- Analogously, 
we obtain that J-i C Pl{Oz')- This shows statement (4.1.1). 

It follows from Fact ITTsI that /,(Ox)^|c i s nef. Since l3^iOz)\c has degree 0, 
it is a standard fact that Q^|c is nef — see |CP91I prop. 1.2(8)]. On the other 
side. Lemma ITTI imnlies that Q\c has no subsheaf of semi-positive degree. As a 
consequence, its dual Q^|c has no quotient of semi-negative degree. Hartshorne's 
characterization |Har71| of ample vectorbundles then implies that Q^|c is ample, 
as claimed. □ 

Corollary 4.2. In the setup of Theorem \4-ll if H' G Pic(Z) is any polarization, 
and C (Z Z an associated general complete intersection curve, then the dual of the 
restriction (Ox) is an ample vector bundle on C . 

Proof. It follows from the universal property of the maximally etale factoriza- 
tion II4.1.1|I that the maximally etale factorization of a : AT ^ Z is the identity 
on Z , 



The claim then follows from Theorem l4.ir 4.2.2V □ 

Question 4.3. The Harder-Narasimhan filtration Ij3.().l|l of /, (Ox) that is discussed 
on nage 1 1 01 obviousl v depends on the choice of the line bundle H . As we have seen 
in Theorem l4.lL it turns out a posteriori that the maximally destabilizing subsheaf 
does not depend on H . Are there a priori arguments to see that in our setup 
the maximally destabiHzing subsheaf is independent of the polarization? 

5. Stability under deformations. Proof of Theorem 11.71 

Throughout the present section we maintain the notation and the assumptions 
of Theorem 1 1.71 Again we subdivide the lengthy proof into steps: after a reduction 
to the case where / is finite, we prove the surjectivity of the composition morphism 
Tj and the etalite of its lift to the normalizations separately. 

5. A. Reduction to the case of a finite morphism. As an immediate conse- 
quence of the stability of Stein factorization under deformation. Proposition 12.11 
we can replace X with its Stein factorization. We will therefore assume without 
loss of generality for the remainder of the present Sectional that / is finite. 
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5.B. Properness and surjectivity of the composition morphism r]. The 

proof of surjectivity is technically a little awkward because the connected spaces 
Honi/(X, y) and Iloma{X,Z) need not be irreducible. Thus, as a first step, we 
show that for any irreducible component of C Horn / {X, Y) and any a' with 
?/(a') e H, the component H is the proper image of a suitable component in 
}ioma{X,Z) that contains a'. Surjectivity and properness are then deduced in 
Corollaries 15.21 and 15.31 below. 

Proposition 5.1. Let f — a' o j3 E Hom/(X, y)i-cd he any morphism that factors 
via (3. Further, let Hf C Hom/(X, F)rcd be an irreducible component that contains 
/'. Then there exists a component Ha' C iloma{X, Z)i.cd that contains a' such that 
ri{Ha') = Hf> and such that the restriction tjIh^, is proper. 

Proof. Let Hf be the universal cover of a desingularization of Hf , and let /' G Hf 
be a point that maps to /'. Using that /' factors via /?, we obtain the following 
fibered product diagram: 





etale in codim. 1 

{/'} X X ^ Hf X X Y 

P2 

projection 

X 

Claim 5.1.1. The morphism /3 is also etale in codimension 1. 




Proof of Claim \5.1.1l Let R C Y he the minimal closed set R such that (3 is etale 
away from R. Since etale morphisms are stable under base change, we only need 
to show that R :— is of codimension > 2 in Hf> x X. This will be done by 

showing that for all g ^ H , the intersection R fl {{g} x X) is of codimension > 2 in 
{g] X X. 

To this end, let g ^ H he the image of g. If we identify {g} x X with X in the 
obvious way, it is then clear that 

Rni{~g}xX)=g-\R). 

Since g is a deformation of the finite, surjective morphism /, g is likewise finite and 
surjective, and Claim l5?]~Tl follows. □ 

As a next step in the proof of Proposition 15. IL let be the normalization of 
the irreducible component that contains the image of {/'} x X, and let (3'^ : F° ^ 
Hf X X be the obvious restriction. 

Claim 5.1.2. The morphism is biholomorphic. 

Proof of Claim W.l.^ If x G X is a general point, set 

H^:^p-\x) and (/3")-i(i?,) n F". 

By Seidenberg's theorem |Man82| . is normal, and the existence of the section 
{/'} X X'^ X ^ F° impHes that F° is irreducible. 
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Since Hf x X is normal, Claim IfiXH now asserts that /3° is etale in codimension 
1. Since x is general, this is also true for the restriction 

But because Hx is smooth, Zariski-Nagata's theorem on the purity of the branch 
locus, |Gro71[ thm. 3.1], implies that P\f^ must in fact be etale. Since Hx is 
simply connected, it must be isomorphic. Consequence: the finite morphism (3° 
is bimeromorphic. By the analytic version of Zariski's main theorem, | IF}em94l 
prop. 14.7], /3° is isomorphic. This shows Claim [5J~2l □ 

To end the proof of Pronosition l5.1l observe that Claim l5J~2l shows the existence 
of a morphism F'^ = Hf x X ^ Z. The universal property of the Horn-scheme 
thus yields a morphism : Hf — > Hom(X, Z)rod. It follows immediately from the 
construction that i^{f') — a' . Better still, we obtain a diagram 



(5.1.3) Hf, Hom(X, Z) 




J red 



desing. and 
univ. cover 



This shows that there exists a component Ha' which contains a' and surjects onto 
Hfi. The properness of ryjjy^, follows from Diagram 115.1 .311 because rj is quasi-finite. 
This ends the proof of Proposition 15. II □ 

Corollary 5.2. Let f' = a'o(3'E Hom/(X, y)rcd ie any morphism that factors via 
(3. Further, let Ha' C HomQ,'(X, Z)i.cd he any irreducible component that contains 
a' . Then there exists a component HfC Homj(X, Y)^cd that contains f such that 
v{Ha') = Hf and such that the restriction tjIh^, is proper. 

Proof. Choose a morphism a" E Ha' which is not contained in any other component 
of HomQ'(X, Z)i-cd- Now apply Proposition 15 . II to /" — a" o (} and any component 
Hf" C Hom/(X, F)i.od that contains /". □ 

Corollary 5.3. The morphism rj is surjective and proper. 

Proof. Since Jiomf{X,Y) is connected, surjectivity of rj follows from Proposi- 
tion |01 Since HomQ,(X, Z) is connected, properness of rj follows from Corol- 
lary O □ 

5.C. The max. etale factorization of a deformed morphism. Let /' S 

Hom/(X, y)i.od be any deformation of /. The surjectivity of rj implies that /' 
factor via Z. Here we will show that /' has Z as maximally etale factorization. To 
this end, let 

/' 



(5.3.1) X^^-T^Z' — 

be the maximally etale factorization of /'. The universal property from Defini- 
tion ^21 then yields a morphism Z' ^ Z . Reversing the roles of / and /', we also 
obtain a morphism Z ^ Z' which shows that Z and Z' are isomorphic. □ 
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5.D. Etalite of fj. Since surjective and generically injective finite morphisms be- 
tween normal spaces are biholomorphic, the following lemma suffices to prove 
that for each pair of points in the normalizations, a' € lloma{X, Z) and /' G 
Hom/(X, y) with fjia') = /', the morphism induces an isomorphism of analytic 
neighborhoods. This shows that fj is etale and ends the proof of Theorem II .71 

Lemma 5.4. Let a' be a point in Ilonia{X, Z) and f :~ f3 o a' . Then there are 
open neighborhoods U — U{a') and V = V{f') such that r]\ij : U ^ V is bijective. 

Proof. Let y € Y he a general point, and fl — fl{y) a sufficiently small analytic 
neighborhood such that 

/3^i(f7) = f7i,zU---Ul7„,z and {f')-\n) = Qi^x ^ ■ ■ ■ ^ ^n-m.x 

are disjoint unions of open sets which are each isomorphic to fl. If fl' CC is a 
relatively compact neighborhood of y, the sets 

l<i<n • — 

V := {/" e Hom/(X,y),.ed | f"{n[^x) C ^ 

are open, the Ui are disjoint, and 77^^ (F) — Ui<i<„[/i. Using that Pln^^z ■ ^i,z ^ ^ 
are biholomorphic, the identity principle then immediately implies that rj\ij. : Ui 
V is injective. Proposition 15.11 implies that for any given number i, Ui is either 
empty or surjects onto V. The proof is finished if choose i such that a' £ Ui and 
set U := Ui. □ 

6. INFINITESIMAL DECOMPOSITION OF THE HOM-SCHEME 

Theorem 11.101 asserts that a cover of Hom(X, Y) decomposes into a torus and 
deformations that are vertical with respect to the rational quotient. In this section 
we will show an infinitesimal version of the decomposition. We believe that this is 
of independent interest. 

Before we formulate the result in Theorem 16.21 below, recall the following stan- 
dard fact of algebraic group theory. 

Fact 6.1. Let G be an algebraic group. Then there exists a maximal compact 
Abelian subgroup, i.e., an Abelian variety T C G which is a subgroup and such 
that no intermediate subgroup T C S C G, T ^ S , is an Abelian variety. 
A maximal compact Abelian subgroup is unique up to conjugation. 

The decomposition result then goes as follows. 

Theorem 6.2. Let f : X ^ Y be a surjective morphism between normal complex- 
projective varieties, and 

f 

X'==^^Z^Y 

be the maximally etale factorization of f . Then there is a canonical decomposition 
of the space of infinitesimal deformations of f , 

THomix.z)\f = Hom Ox) = a © V^, 

where a C H'^{Z,Tz) is the Lie algebra of a maximal compact Abelian variety 
T C Aut°(Z) and where V C Hom (/*(f7y). Ox) is a subspace of the space of 
infinitesimal deformations that are vertical with respect to the maximal rationally 
connected fibration of Z. 
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Recall that "infinitesimal deformations that are vertical with respect to the max- 
imal rationally connected fibration" were defined in Definition 12. 131 on page|Hl 

Remark 6.3. The functoriality of the maximal rationally chain connected fi- 
bration, |Kol96[ thm. IV. 5. 5], implies that an infinitesimal deformation a e 
Hom (/*(ri^), Ox) that is vertical with respect to the maximal rationally con- 
nected fibration of Z is also vertical with respect to the maximal rationally con- 
nected fibration of Y. 

Corollary 6.4. In the setup of Theorem \H.S\. if g ^ Hom(X, Z)rcd, then the tan- 
gent space lHom(x.z)„d Iff spanned by infinitesimal deformations that vertical with 
respect to the maximal rationally connected fibration of Z , and by tangent vectors 
of the T-orbit through g. □ 

We prove Theorem 16.21 in the remainder of the present section. As usual, we 
subdivide the proof into steps. 

6. A. Reduction to the case of a finite morphism. Using Stein factorization 
of the morphism /, we can assume without loss of generality that / — and hence 
a — are actually finite. In fact, if / is not finite, consider the Stein factorization as 
in Diagram 112. 0. Ill on page 31 f = ho where g : X ^ Wq has connected fibers 
and h : Wq — > F is finite. For the reduction, we need to show that the canonical 
pull-back morphism 

g* : Tlom{h*{nl.),Owo) ^ iiom{f* [n].), Ox). 

is bijective. Since g is surjective, injectivity is obvious. Concerning surjectivity of 
this map, consider an element u £ Hom(/*(riy), Ox), 

u: f*{n\.)=g*h*{nl.)^Ox■ 
^he composition of the canonical map /i*(riy) g^g* h* {ny) and the push-forward 
of u, 

h*{n^Y) ^ 9*9*h*{n^Y) 9*Ox = Owo 

then yields a morphism v : /i*(riy) Owo such that g*{v) and u agree over the 
smooth part of Y, where the pull-back of ^ly is locally free. Since the Hom-sheaves 
are torsion free, this implies that u = g*{v). 

In summary, we have shown that a is an isomorphism. The reduction step is 
then clear. 

6.B. Setup and Notation. For convenience, let A"sing, i^sing and Zsmg denote the 
singular loci, and set 

X" := X \ (Xsing U a-i(Zsing) U /-^(Fsing)) and 

Z° ■.= Z\ (Zsi„g U a(Xsing) U /3-i(rsing)). 

Then codimx(-'^ \ X^) — codunz[Z \ Z^) > 2. The space of infinitesimal deforma- 
tions can thus be rewritten as follows. 

rHom(x,y)l/=Hom(r(17i-),Ox) 

= Hom(/*(r!i.)^\Ox) = Hom(/*(r!i.)|X°, 0^o) 

= H\X\ f*{TYj) = H'\z\a*{Tz)) 

= H^{Z^,a,{Ox»)®Tz^^) = Romzo{a*{Oxo)*,Tzo). 
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Notation 6.5. If o" G H'^{X, f*(TY)) is any infinitesimal deformation of the mor- 
phism a, let a £ Iionizo{oi*{Ox"),Tzo) be the associated morphism. 

Lemma 6.6. Let a be an infinitesimal deformation. Then 

c7\xo e H" a* Image((T)) . 

Proof. The claim immediately follows from the definition of ct: if 2 e is a general 
point, and a^^{z) = {xi\i = 1 . . .to}, then the image of 17 at z is spanned by the 
tangent vectors Ta(cr(xi))i=i...,„. □ 

6.C. Decomposition of the Infinitesimal Deformations. Recall Fact 12.171 
which asserts that a* (Ox") — Oz" This, together with the Equations Hfi.4.1|l 

yields a decomposition 

(6.6.1) Rom{f*{n^Y),Ox) ^ H°iZ,Tz) ®Romzo{£o,,Tzo) . 

" V ' 

= :V' 

Notation 6.7. If ct G H'^{X, f*(TY)) is any infinitesimal deformation of the mor- 
phism a, let a' € H^{Z,Tz) and a" G Hom^-o (£„ , T^o ) be the associated vector 
field and morphism, respectively. 

6.D. Interpretation of V' . We will now show that infinitesimal deformations a 
of a, which correspond to elements in V are vertical with respect to the rational 
quotient of Z . To this end, choose an ample bundle H G Pic(Z) and let C C Z 
be an associated general complete intersection curve. Fact 12.171 and the charac- 
terization of the maximally etale factorization, Corollarv 14.21 then assert that the 
restriction S^\c is anti-ample. It follows that £a\c is ample, and so is its image in 
Tz" \c under the map a" . The refinement of Miyaoka's characterization of uniruled 
manifolds. Fact 12.151 implies that Image((T") is then vertical with respect to the 
rational quotient of Z, and Lemma Ffi . 61 vields the claim. 

6.E. The Abelian variety T and end of the proof of Theorem l6.2L We con- 
sider the connected algebraic group Aut°(Z). By a classical theorem of Chevalley, 
there exists an extension 

-> L Aut°(Z) ^ T' ^ 

where L is linear-algebraic and T' an Abelian variety. This sequence is not nec- 
essarily split, but it is known |Lie78l thm. 3.12] that there is a maximal compact 
AbeHan subgroup T C Aut°(Z) such that the induced map T — > T' is etale. 

Let a C H'^{Z,Tz) be the subalgebra generated by T and a' that one generated 
by L. This gives a decomposition 

H°{Z,Tz) = a®a'. 

Since L is linear-algebraic, the closures of its orbits are rationally connected. As a 
consequence, L acts trivially on the rational quotient Qz, hence a' is vertical and 
we obtain a decomposition 

Ilom{f*{n\.),Ox) =a(BV 



with V 



— a' (BV vertical. This ends the proof of Theorem 16.21 



□ 
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7. Decomposition of the Hom-scheme, Proof of THEOR.EM ll.lfll 

The proof of Theorem ll.lfll which we give in this section, is the longest and most 
involved in this paper. Before we start with all the details in Section [7.Bl below. we 
give a short idea of proof. 

7. A. Idea of proof. In Section I7.BI we will quickly reduce to the case where / 
is finite. For simpHcity, assume further that the maximally rationally connected 
fibration qy Y Qy is a morphism and that the maximally etale factorization 
is an isomorphism. Let T C Aut''(y) be a maximal compact Abelian subgroup, as 
in Fact II above. 

Under these assumptions, the composition morphism 

r: Hom/(X,r) -> }iom{X, Qy) 
r ^ qyo f 

is equivariant with respect to the natural T-action on Homy (AT, F) and 
Hom(X, Qy), respectively. The infinitesimal decomposition of the Hom-scheme, 
Theorem lfi.2l then asserts that the image of t contains a dense T-orbit. By proper- 
ness, the image of t will be homogeneous under the T-action. 

The standard fact that actions of Abelian varieties on rationally connected vari- 
eties are necessarily trivial (note that this is not true for rationally chain connected 
varieties!) then implies that T-orbits in Hom/(A', Y) surject finitely onto the image 
of T, better still, that they are etale over the image of r. This quickly gives the 
decomposition. 

The main difficulty in the proof of Theorem 1 1.1 01 is that qy need not be regular. 
Although the space of rational maps X Qy can easily be defined as a subscheme 
of Hilb(X X Qy), its universal properties are too weak to construct a morphism 
similar to t above — see |Han87l IHan88| for a discussion of the complications that 
already arise with the space of birational automorphisms. We will need to consider 
a somewhat weaker construction instead. 

7.B. Reduction to the case of a finite morphism. Using the stability of Stein 
factorization under deformation. Proposition 12.11 we can assume without loss of 
generality that the morphism / is finite. Throughout, we consider the maximally 
etale factorization of /, 



/ 




where /? is etale in codimension 1. 

7.C. Setup of notation. Before we seriously start the proof of Theorem ll.lfll we 

need to set up some notation. 

Notation 7.1. Let qz ■ Z --^ Qz and qy : Y --^ Qy be the maximal rationally 
connected fibrations and 

V : Bmnf{X,Y) Honi/(A:, y),.ed 

be the normalization morphism. Let T C Aut"(Z) be a maximal compact Abelian 
subgroup, as discussed in Fact 16.11 above. 
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Remark 7.2. The group T C Aut"(Z) naturally acts on Z and on HomQ(X, Z)i.cd- 
By Pronosition 12.111 and the conventions fixed in Notation 12.121 the group T acts 
also on the base of the maximally rationally connected fibration Qz- With these 
actions, the maximally rationally connected fibration map qz ■ Z Qz is auto- 
matically T-equivariant wherever it is defined. 

As a next step, we define subvarieties i?vcrt lloma{X,Z) which are the ana- 
logues to the fibers of the map t that was discussed in the introductory Section FOI 
above. 

Notation 7.3. If <? G Homo (AT, Z) is any morphism, define the reduced subvariety 

^vort £ HomaiX, Z)i.cd \qz ° fj = Qz o h} . 

As in Notation 11.91 we call i?vcrt the "space of relative deformations of g over qz". 
Consider the restricted group action morphism 

/ig : TxH^^^, ^ Hom„(X,Z),ed 
{t,a') ^ to a' 

Remark 7.4. If t £T and g G RouiaiX, Z)^cd are any two elements, the associated 
vertical deformation spaces of g and t-g differ only by translation in I{oma{X, Z)^cd- 
More precisely, we have i?vort — ^'^vort- This follows trivially from the equi variance 
of qz- 

7.D. Study of the restricted action morphism. The spaces iloma{X, Z),-cd 
and i?vort are not necessarily proper. We will show now, however, that the restricted 
group action map fia is still a proper morphism. This will suffice to prove both 
parts of Theorem 11.101 

Proposition 7.5. The restricted action morphism ■ TxH"^,^^ HomQ(A', Z)rcd 
is proper and surjective. It becomes etale after passing to the normalization. 

Assume for the moment that Proposition 17.51 holds true. We will first show 
that this implies Theorem 11.101 and then, in Sections I7.FH7.(t1 below, prove the 
proposition. 

Proof of Theorem UUk Statement \1.1IM}) . Let ji^-.T x H^^^^ Bmna{X,Z) be 
the etale morphism between the normalizations that is associated with fia- Let 

r] : HomQ(X, Z)rod ~^ Hom/(X, Y),.cd 

be the proper and surjective composition morphism discussed in Theorem ll.7l and 
77 the associated etale morphism between the normahzations. By Pronosition 17.51 
and Theorem 1 1.7L the composition 

is then surjective and etale, and it suffices to show that 
(7.5.1) iv o Mo)({e} X h:^J = ,Ki/v"crt) C hL,. 

For this, observe that the universal property of the maximally rationally chain 
connected fibration, |Kol96[ IV thm. 5.5], shows the existence of a commutative 
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diagram of dominant rational maps as follows. 



/ 



(7.5.2) 



X 



z 




Y 



I 9z 
V 



I qv 
y 



Qz 




Equation H7. 5.111 then follows by definition of H and H\ 



vci t ■ 



□ 



Proof of Theorem M.KA Statement \1.1(]IS)\) . If / is maximally etale, i.e., if /3 is iso- 
morphic, the claim follows trivially from the construction. 

Now assume that Y is smooth. We will see below that ^vert is a connected 
component oi ri~^{Hl^^^). It is, however, generally false that r]~^{H{^j.^) = -ffvcit- 
The map fia = V ° fj-a does therefore not always satisfy statement Ijl.l()l2|l of The- 
orem 11.101 and needs to be modified accordingly, by adding more components to 
T X H"f,^^, one for each connected component of 77~^(if/gj.t). More precisely, we will 
show that there exists a finite set Tr C T, such that ri~^{Hl^j.^) C HomQ(X, Z) is 
the disjoint union of copies of -ffvort that are realized in Homa(Z, F) as translates 
of -ffvcit by elements of Tr under the natural T-action on HomQ(Z, y), i.e. 



It is then obvious that the associated morphism jl'^ between normalizations is etale. 
Setting ^ ■= fi o p,'^ then finishes the proof. 

It remains to find T^. To this end, we need to introduce the following two 
subgroups of T. 



Claim 7.5.4. The subgroups Tvcrt.z and Tvcrt.y are both finite. 

Proof of the claim. Since Y is smooth, the quotient map qy is almost holomorphic 
in the sense discussed in Fact 12.61 The general -fiber Yq C Y is thus smooth, 
rationally connected and therefore |Debfll[ cor. 4.18] simply connected. Recall that 
P is etale in codimension 1, i.e. etale away from a set of codimension > 2. Zariski- 
Nagata's theorem on the purity of the branch locus, |(Tro71[ thm. 3.1] implies that 
(3 is etale. The preimage (3~^{Yq) is then a disjoint union of several copies of the 
rationally connected manifold Yq, each a fiber of qz- This observation has two 
consequences. 

First, the well-known fact that actions of connected, positive-dimensional 
Abelian varieties on rationally connected manifolds must necessarily be trivial, 
|Fuj781 lem. 5.2], implies that Tvcrt,z is discrete, hence finite. 

Second, the observation shows that the dominant rational map (3q defined in 
Diagram 117. 5. 211 is generically finite. This impHes that rvort,Y is finite. Claim 17X11 
is thus shown. □ 



(7.5.3) rj-\H:,,,)^ M t-i?; 




We can therefore consider the modified restricted action morphism 

ti'^: Tx {Tr X ^ Hom„(X, Z),,^ 

{ti,{t2,a')) tiot2oa' 



Tvcit.z ■= {t e T \ qz = qz o t} 

TVcrt^Y -.^ {t eT\ (3q o qz = Pq o qz ot} 
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To apply Claim 17.5. 41 recall from Theorem 11.71 and Proposition 17.51 that any 

morphism /' G Hom/(X, F)i.cd can be decomposed as f — (3otoa' where a' G -ffvort 
and t £T. We then have equivalences 



<1Y ° f' = ° f Definition 

<^=> qYol3otoa' = qYoj3oa Diaefram l7.5.2l 

Pq ° qz ° t o a ^ /3q o qz o a since a' G H"^^^ 

Pq ° Qz ° t ~ Pq ° <lz because a is surjective 

4^ t G Tvcrt.y Definition 



This already shows that 

It follows immediately from the definition that two translates, ti ■ -ff"(,rt ^-^d ^2 • 
if"pj.t ^'^^ equal if and only if ti ■ t^^ G Tvcrt.z, and otherwise disjoint. We can 
therefore take Tr to be a system of representatives for the finite group quotient 

Assuming that Proposition 17.51 holds, this ends the proof of Theorem I l.lfll □ 

7.E. Proof of Proposition I7.5L a rational decomposition of the Hom- 
scheme. The aim of this section is to construct a rational analogue of the function 
r' defined in the introduction. To simplify the notation, we consider the irreducible 
components of Hom„(X, Z)i-cd separately. 

Notation 7.6. Let 

Hom„(X, Z),.ed = IJ Hom„(X, Z)\^^ 

i 

be the decomposition into irreducible components, and let 

HLt,^ :=i?v'ertnHom4X,Z)j,d 

be the associated decomposition of the i?vcrt- 

By definition of iJ^crt i) the space Jioina{X, Z)l^^ is naturally decomposed into 
a disjoint union of subvarieties, 

(7.6.1) Hom„(X,Z)^,d- U ^vert,. 

geHom„(X,Z)j^^ 

where all subvarieties i?vcrt % fibers of the set-theoretic map 

Tj' : iloma{X , Z)l.^^ {rational maps X Qz}- 

9 '-^ qz°9 

We have already discussed in Section [7. Al that it might not be possible to define 
a good scheme-structure on the set of rational maps which makes r/ a morphism. 
To construct an algebraic substitute for r/, observe that C is uncountable. Equa- 
tion Il7.fi. Ill therefore decomposes }ioma{X, Z)l^^ into uncountable many subvari- 
eties. K RoiJiaiX, Z)l^^ is a projective compactification of lloma{X, Z)l^^, then 
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Chow(Ilom.a{X, Z)l^^) has only countably many components. The decomposition 
of Houia^X, Z)l^^ therefore yields a rational map between varieties 

n: Hom„(X,Z)j^^ Chow(Homa(X, 

g I— > closure of iJycrt.i 

that agrees with r/ on an open subset. 

Although Ti is only a rational map, there is a little that we can say about its 
infinitesimal structure. 

Lemma 7.7. If iloma{X, Z)l.^^ C Homo, (X, Z) red is any irreducible component 
and g € HouiaiX, Z)l^^ a general point, then the kernel of the tangent morphism 
ker(TTilg) is exactly the space of vertical infinitesimal deformations. 

In particular, the tangent space T^^^^^^^f^x.zY '^t 9 i^ spanned by the tangent 
space to i?vcrt i' tangent space to the T -orbit through g. 

Proof. Define a distribution, i.e. a saturated subsheaf C T^om^ix.zy ^ of Ox- 
modules, as follows: if h G HoniQ(X, Z)l^^ is a smooth, general point, let 

C THom^{x.z)iJh C T^om^ix,z)\h = Hom(/i* (f]^). Ox) 
be those elements that are 

• tangent to the reduced scheme HomQ,(X, Z)l^^, and 

• vertical with respect to the rational quotient Qz : Z Qz. 

It is clear that kei{TTi\g) C Tig. To show the other inclusion, assume that we 
are given a vertical infinitesimal deformation v G T\g. In order to prove Lemma lTTTl 
we need to show that v is tangent to H^^^.^ ^. For this, consider a holomorphic arc 
7 : A ^ UomaiX, Z)l^^ such that 

(7.7.1) 7(0) = g, and the derivatives satisfy 

(7.7.2) 7'(0) = V, and 

(7.7.3) 7'(<) C 7*(J^), for all t e A. 

The infinitesimal description of the universal morphism A x X ^ Z then shows 
that the image of 7 is entirely contained in i?vcrt i- follows that v € Tffs .\g — 
kei{Tn\g). ' □ 

7.F. Proof of Pror>osition l7.5L properness and surjectivity. With the prepa- 
rations from the previous section, we can now prove the first assertion of Proposi- 
tion [231 We show surjectivity first for the restricted action morphism /Zg, where g 
is a general element. 

Lemma 7.8. If iloma{X , Z)l^^ C Hoina{X, Z)^cd is any irreducible component 
and g € iloma{X, Z)l^^ a general point, then /ig surjects onto }loma{X, Z)l^^. 

Proof. Lemma 17.71 and the infinitesimal decomposition. Corollary 16.41 together 
imply that /ig is of maximal rank at g and therefore dominates the component 
Hom„(X,Z)j,,. 

To show that is surjects onto Iloina{X , Z)l^^, it suffices to show that its 
image is closed, i.e. that that the limit of every convergent sequence of points in 
the image is again contained in the image. Using the compactness of T, this follows 
immediately. □ 

It is now easy to extend the surjectivity result to all g £ }ioma{X, Z)l^^. 
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Lemma 7.9. In the setup of Lemma M.fA if g E HomQ(X, Z)^^^ is any point, then 
fig and fig have the same image in HomQ(X, Z)i.cd- 

Proof. The surjectivity of fig, Lemma, FTsl implies that there exist elements i G T 

and g £ -ff^crt i such that t ■ g = g. By Remark [231 we have H^^rt — t ' ^vcrt ^^'^ 
therefore 

fig ^ to fig O {Id, i"^). 

This shows the claim. □ 

Corollary 7.10. If g S HomQ(X, Z)red is any point, then fig is surjective and 
proper. In particular, fia is surjective and proper. 

Proof. The surjectivity of fig follows immediately from Lemma 17.91 and the fact 
that HomaiX, Z)icd is connected by definition. 

It remains to show that fj,g is proper, i.e. that the preimage of any compact set 
K C HomQ,(X, Z)rcd is again compact. But again, given a sequence {tn,gn) C 
fig^{K), using that T is compact and the sequence f„ • g„ has a cumulation point 
in K, it is easy to prove that (in,ffn) has a convergent subsequence. □ 

7.G. Proof of Proposition Em etalite. The etalite of fia will be deduced using 
the following criterion. Although fairly standard, we found no reference in the 
literature and give a quick proof. 

Proposition 7.11 (Etalite criterion). Let f : X ^ Y be a proper, finite morphism 
between irreducible varieties and assume that Y is normal. If there exists a number 
d e N such that for all y € Y , the preimages f^^{y) contains (set-theoretically) 
exactly d points, then f is etale. 

Proof Let y e Y be any point and f~^{y) = {xi, . . . ,Xd}. By ;GR84' sect. 2.3] 
we can find an analytic neighborhoods U oi y and Vi of Xi such that f~^{U) = 
Vi U • ■ • U Vd and such that the Vi are disjoint. The restrictions f\vi :Vi ^ U must 
then be bijective and, by the analytic version of Zariski's main theorem, |R.em94l 
prop. 14.7], biholomorphic. This shows the claim. □ 

Proof of Pronosition M.^ We have already seen in Corolla,rv l7.ini tha,t fLa is proper 
and surjective. It remains to show that the associated morphism between the 
normalizations i^_etale. 

For this, let HomQ(X, Z)^cd and invert be the normalizations of Homa(X, Z)rod 
and invert 1 respectively. Further, let 

fia - T X i/"(,rt ~* HoulaiX, Z),-cd 

be the morphism associated with fia- This morphism will then also be proper. 

By the etalite criterion, ProDosition l7.11l it remains to show that the number of 
elements in fibers of fia is constant. 

Recall that T acts effectively and freely on }Ionia{X, Z)rcd, and therefore freely 
on the normalization lloma{X, Z)red- If G C T denotes the ineffectivity of the T- 
action on Qz, i-e. the kernel of the natural map T Aut{Qz), then G acts freely 
on -ffvcit and -ffvort- Here we need to consider the natural G-action on T x H^^^.^, 
where G acts on the factor T by left multiplication. This action is likewise free. 

Proposition 17.51 is shown if we prove that for any pair {t,g) e T x i?"cj.t) the 
associated /ia-fiber is exactly the G-orbit, i.e. 

AaHAa(^,5)) = G • {t,g). 
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The inclusion "3" is clear. 

For the other inclusion, consider two pairs contained in the same fiber, 

(7.11.1) l^a{tl,gi) ^ ij.a{t2,h) 

If V : Home (X, Z) red ^ HomQ,(X, Z)i.cd is the normalization morphism, equa- 
tion 117. 11. Ill then implies 

^iai) = *r^^2 • vim) = ^{ii^h ■ h) 

The assumption 51,52 G ^vcrt; i-S- <lz °v{gi) ~ qz oi^(gi) = qz°Oi then yields that 
t^^t2 e G, which ends the proof of Proposition [231 and hence of Theorem ll.lOl □ 
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